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This paper develops a multiple-timescale slow state tracking nonlinear controller to accomplish large-amplitude
combined longitudinal and lateral/directional maneuvers of a nonlinear, nonstandard six-degree-of-freedom aircraft
model in the presence of uncertain inertias, control derivatives, and an engine time constant. The control synthesis
uses the evolution of the slow states, slow actuators, fast states and fast actuators in a total of four different timescales.
Multiplicative and additive uncertainties in the evolution of the slow and the fast states are accounted for, as well as
multiplicative uncertainties in the slow and fast actuator dynamics. The controller is designed with insights from
geometric singular perturbation theory, and it is supported by update laws selected via a composite Lyapunov
analysis. The boundedness of the tracking errors, manifold errors and parameter estimation errors is proven; and the
magnitudes of the tracking errors, parameter estimation errors, and control signals can be modulated by appropriate
choices of gains. The results presented in the paper using a nonlinear six-degree-of-freedom simulation show
improved velocity control for the multiple-timescale nonlinear controller as compared to a cascaded nonlinear

dynamic inversion controller.

Nomenclature

By,Byy = constant but unknown parameter matrices in the
dynamics

bxy,, = the (i, j)th element of matrix Byy

fx,Fxy = vector and matrix functions representing how states
evolve on their own

fx, = the ith element of a vector function fyx

Gyy = matrix functions representing how actuators (com-
mands) dictate the evolution of states (actuators)

D estimate of an unknown parameter p

101l> = the induced 2-norm of a matrix Q; equivalently, its
largest singular value

R = the space of real numbers

R = the n-dimensional real space

uy = fast control

Uy = slow control

X, Y = generic subscripts

x = kinetic slow states

X = derivative of x with respect to the slowest timescale

X = derivative of x with respect to the second slowest
timescale

x’ = derivative of x with respect to the second fastest
timescale

X = derivative of x with respect to the fastest timescale

z = fast states

a; = weights of individual Lyapunov functions in the
composite Lyapunov function

Of = fast actuators

O = slow actuators

£ = timescale parameter for fast states

0, = gains used in the parameter update laws
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Axy = constant but unknown parameter matrices in control
distribution
Amin(A) = minimum eigenvalue of a matrix A
Axy, = the (i, j)th element of a matrix Ayy
lv]l2 = the 2-norm (Euclidean norm) of a vector v
V]l = the infinity norm of a vector v
= kinematic slow states
p = timescale parameter for fast actuators
o = timescale parameter for slow actuators

I. Introduction

YNAMICS evolving in distinct slow and fast timescales are
observed in systems such as aircraft [1], spacecraft [2], robotic
manipulators [3], electrical power systems [4], biochemical reactions
[3], nuclear reactors [6], production planning in manufacturing [7], etc.
The geometric singular perturbation theory [8,9] is a powerful control
law development tool for multiple-timescale systems because it pro-
vides physical insight into the evolution of the states in more than one
timescales. Controller design using the geometric singular perturbation
(GSP) approach offers three benefits [10]. First, it does not require
linearization of the plant in order to synthesize a controller. Second, the
controller so designed does not use gain scheduling to address the space
of operating conditions. Third, the use of lower-order reduced subsys-
tems makes the design of controllers for high-dimensional systems less
complex and less susceptible to the “curse of dimensionality” [11]. Even
though the approach uses lower-order subsystems, the composite Lya-
punov analysis [12] establishes the bounds of timescale separation
within which the stability of the full-order nonlinear system is guaran-
teed. In the context of flight control design, the GSP approach retains the
coupling between the slow and the fast dynamics in different timescales
(e.g., phugoid and short period modes) rather than representing the plant
as decoupled phugoid and short-period approximations, for instance.
A generic nonlinear system with two timescales can be re-
presented as

X = f(x,z,u)
ez = g(x,z,u) (D

where x is the slow state, z is the fast state, u is the control input,
f(.), g(.) are nonlinear functions, and ¢ is the timescale separation
parameter satisfying 0 < ¢ <« 1. Two extreme cases of timescale sep-
aration are ¢ = 0, which represents infinite separation (i.e., the fast
dynamics are infinitely fast), and ¢ = 1, which represents no separa-
tion (i.e., the rates of evolution of states x and z are similar). According
to GSP theory, the slow timescale is one in which the slow state x
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evolves and the fast state z stays on some equilibrium manifold z°.
The fast timescale is one in which the slow state x remains “frozen” at
its initial condition and the fast state z evolves to its equilibrium
manifold z°. To define the manifold mathematically, substitute £ = 0
in Eq. (1) to obtain

X = f(x,2° u)
0=g(x.2%u) 2

The manifold z°(x, u) is an isolated real root of the algebraic
equation g(x,z° u) = 0. If it is possible to compute a manifold
79(x, u) thatis an exact solution of g(x, z°, u) = 0, system (1) is called
a standard system. Otherwise, it is called a nonstandard system. If the
function g(.) is nonlinear in the fast state z, the system is in general
nonstandard. The fast states for an aircraft are typically the body-axis
angular rates. The angular accelerations are nonlinear in the rates, thus
aircraft are examples of nonstandard systems. Although many works in
the literature addressed standard systems [13-21], the theory of control
design for nonstandard systems (specifically, nonlinear, nonstandard
systems) were explored only recently [10,22]. One of the important
control objectives for nonstandard systems is slow state tracking. For this
objective, the fast states are allowed to settle onto any suitable equilib-
rium manifold. The method of modified composite control approxi-
mates the manifold [22], whereas the method of sequential control
specifies the manifold [10] as an intermediate control variable. The
fundamental idea behind sequential control is to use feedback to convert
an open-loop nonstandard system into a closed-loop standard system.

Earlier work on two-timescale aircraft flight control can be found in
papers by Khalil and Chen [1] and Menon et al. [23]. A nonlinear six-
degree-of-freedom (6-DOF) aircraft is an interesting example of a
multiple-timescale system because aircraft have slow and fast states
as well as slow and fast actuators. Velocity, aerodynamic angles, and
kinematic angles are the slow states; body-axis roll, and pitch and yaw
rates are the fast states. Because of the slow engine dynamics, the
throttle is considered a slow actuator, whereas aerodynamic control
surfaces are considered fast actuators. Some recent works applied the
theory of slow state tracking for nonstandard multiple-timescale sys-
tems to solve aircraft flight control problems. Modified composite
control was applied to a nonlinear 6-DOF generic F/A-18A com-
manded to perform a 45 deg turn [24]. The angle of attack, sideslip
angle, and heading angle were the states to be tracked. All of the
aerodynamic controls were assumed infinitely fast. The engine dynam-
ics were not accounted for, and the throttle was held constant through-
out the maneuver. As a result, the Mach number decreased from 0.3 to
below 0.2 and never recovered as the aircraft turned. Although it was
not straightforward to include actuator dynamics in the modified
composite control, the method of sequential control was extended to
account for slow and fast actuator dynamics in the control synthesis
[10]. In a previous work by Saha et al., this method was applied to a
nonlinear 6-DOF generic F-16A commanded to perform two large-
amplitude combined longitudinal and lateral/directional maneuvers
[25]. One of the evaluation maneuvers was motivated by the modified
torsional agility parameter, which is a constant-altitude 90 deg banked
turn followed by a rapid roll reversal to an opposite 90 deg banked turn
[26]. The second evaluation maneuver was a turn sequence for which
the pilot inputs were generated by flying a generic F-16A in a cockpit-
based nonlinear 6-DOF flight simulator. The loss of airspeed during
turns was significantly reduced for both of the maneuvers. In particular,
the loss of airspeed for a 90 deg turn was within 50 ft/s and the velocity
rapidly returned to the trim value upon completion of the turn. A major
limitation of the method of sequential control applied to aircraft
maneuvers is the assumption of a deterministic model. A nonlinear
6-DOF aircraft model has several sources of uncertainty. Accurate
numerical values of inertias can be obtained by using other methods.
However, those methods cost a lot of time and money. The class-I
methods are meant for quick estimates at zero financial cost, even
though the inertia estimates may be “rough” estimates [27]. The
aerodynamics are often modeled using stability and control derivatives,
with the control derivatives being more difficult to estimate accurately
than the stability derivatives. The engine is often the slowest primary
control actuator in the system for which the turbomachinery can be

modeled as a linear first-order system but with a time constant that is
not always known exactly. The uncertainties in inertias, control deriv-
atives, and engine time constants are parametric or multiplicative
uncertainties. The errors between the actual and modeled aerodynam-
ics can be viewed as additive uncertainties because the aerodynamic
forces and moments can be modeled as first-order Taylor series
approximations, with the first-order partial derivatives being the sta-
bility and control derivatives.

Some of the authors’ previous works developed controllers for
uncertain nonlinear, nonstandard multiple-timescale systems. However,
the scope of these works does not cover the class of systems of which
aircraft are examples. A slow state regulator for an uncertain nonlinear
nonstandard two-timescale system was developed in the work of Saha
etal. [28]. This work considered multiplicative and additive uncertainties
in the fast dynamics. The controller used the estimate of the unknown
parameter and the worst-case equivalent of the additive uncertainty. An
online parameter estimator updated the parameter estimate, and the
update law was selected from the composite Lyapunov analysis. This
analysis, followed by an application of Barbalat’s lemma [29], proved
the convergence of the fast state to its equilibrium manifold and the slow
state to zero. The stability analysis also showed that the parameter
estimation error remains bounded but does not necessarily converge to
zero. This work did not consider actuator dynamics. A recent work of
Saha and Valasek [30] developed a three-timescale attitude tracking
controller for a nonlinear, nonstandard spacecraft with uncertain inertias.
This work considered a separate timescale of the actuators in addition to
the timescales of the slow and the fast states. In addition, it considered
parametric uncertainties in the dynamics and in the control distribution
of the fast states only. The slow states represented the kinematics, and
they did not have any uncertainty in their evolution. The actuator
dynamics were not modeled with any uncertainty.

Developing a slow state tracking controller for an aircraft with model
uncertainties is challenging for several reasons. In contrast to the
spacecraft attitude tracking problem where the controller influences
rotational motion only, an aircraft flight controller must influence both
translational and rotational motions (i.e., both velocity and attitude) at
the same time. To consider velocity and attitude dynamics together, the
actuators must be discriminated as slow and fast. For spacecraft attitude
tracking, the uncertainties are in the fast dynamics, i.e., the angular
rates only. Aircraft, by comparison, have uncertainties in the dynamics
of the kinetic slow states and the fast states, as well as the actuators.
Reference [25] showed the deterministic version of a Lyapunov-based
four-timescale GSP flight controller, but no previous result is available
to show how uncertainties can be handled in a way that guarantees the
stability of the full-order system for the case with actuators classified as
slow and fast. Moreover, the GSP approach has not yet been compared
with one of the standard flight control design methodologies to ascer-
tain whether accounting for timescales in the system produces a more
effective controller. This paper makes two contributions in multiple-
timescale nonlinear control of nonlinear 6-DOF aircraft. First, a four-
timescale slow state tracking nonlinear controller is developed using
the GSP approach and a Lyapunov-based online parameter estimator.
The controller is designed to handle multiplicative and additive uncer-
tainties in the model and keep all of the errors ultimately bounded.
Second, the multiple-timescale nonlinear controller using the GSP
approach is directly compared to the well-known cascaded nonlinear
dynamic inversion (NDI) controller [31,32]. The aircraft is com-
manded to perform a combined longitudinal and lateral/directional
evaluation maneuver, consisting of a steep climb to reduce velocity,
followed by back-to-back turns. This maneuver is used to compare the
Euler angle and velocity tracking performance of the two controllers.

The paper is organized as follows. Section II discusses the class of
four-timescale systems and the control objective. Section III shows
the control law development. Numerical results including the com-
parison of the GSP and the NDI approaches are in Sec. IV, and
conclusions are in Sec. V.

II. Class of Systems and Control Objective

The principles of GSP are used to develop a slow state tracking
controller for a class of nonlinear systems with multiple timescales, as
well as multiplicative and additive uncertainties. The development
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considers a total of four timescales: the slow states evolving in the
slowest timescale; the slow actuators evolving in the second slowest
timescale; the fast states evolving in the second fastest timescale; and
the fast actuators evolving in the fastest timescale. The slow states to
track are classified as kinetic and kinematic states. The kinetic slow
states can be influenced directly by both the slow and the fast
actuators. The kinematic slow states can be influenced directly by
the fast states. The fast states can be influenced directly by the fast
actuators but not by the slow actuators. Except for the kinematic slow
states, all of the states and actuators have parametric uncertainties in
their evolution. Moreover, time-dependent and state-dependent static
uncertainties are considered as additive uncertainties in the evolution
of the kinetic slow and the fast states. The controller is developed on
the nonlinear state-space model:

X =B fx(6,8) + B Fry (0, 92+ 7,(1,X,£,2) + Ay5 G5, (%, E) s
+ Ays, G, (x,6)6;
E=Fp(x,0)z
08, = Bj [5,(8,) + N5, G, (5,1
ei= ;Bfffﬁ (0.£.2) +7:(6.x.E.2) + Auy G, (x. )5 p

5f =Bs,f5,(67) + Ns,u,Gs,u, (Op) iy 3)

The conversion of nonlinear aircraft equations to the form in Eq. (3)
and the mathematical expressions of the functions and matrices are
provided in Appendix A. In Eq. (3), x € R" is the vector of n kinetic
slow states, £ € R™ is the vector of m kinematic slow states, z € R™ is
the vector of m fast states, §; € R” is the vector of n slow actuators,
oy € R™ is the vector of m fast actuators, u, € R" is the vector of n
slow controls, and u; € R™ is the vector of m fast controls. In the
context of an aircraft, x = v, isthe velocity; £ = [¢p 0 ] are the
three Euler angles; z = [p ¢ r]” are the three body-axis angular
rates; 8, = &, is the throttle; 5, = [, 8, &,]” are the three aero-
dynamic control surfaces (elevator, aileron and rudder); u, = §, is the
throttle command; and u; = [J,, 0, &, ] are the commanded
elevator, aileron, and rudder.

The “dot” represents the time derivative with respect to the slowest
timescale ¢. The perturbation parameters o, ¢, and p satisfy
0 < p < € < 0 < 1. The inclusion of three perturbation parameters
leads to a total of three additional timescales. The second slowest
timescale is 7, = (¢/0); the second fastest timescale is ¢, = (t/¢),
and the fastest timescale is ¢, = (t/p). These timescale parameters
are added artificially to the aircraft dynamics to show explicitly which
states evolve in which timescale.

The multiplicative uncertainties are captured in the constant but
unknown matrices By, B, Avs, s Ass;s Bs,s Nsu,» BEs Mss,» Bs,» and
Asu,- It is assumed that every unknown parameter p;; in each
parameter matrix is bounded between a known lower bound P
and a known upper bound p;;, ie., p;; € [Eij’ Pijl- The additive
uncertainties are included in the unknown vectors of functions y,.(.)
and y.(.). Even though the exact forms of these functions are
unknown, it is assumed that the Euclidean norms satisfy

ly«(t, %, & Do < xillxlly + x2llEll2 + x3llzll2

and

l72(2.x. & D2 < kallxllz + x5 [1€ll2 + xellz]l

for some known constants x; > 0; i = 1,...,6. For the aircraft
problem, the multiplicative uncertainties represent inertias, aerody-
namic derivatives, and actuator characteristics; whereas the additive
uncertainties represent modeling errors, such as using a first-order
Taylor series approximation to model the aerodynamics. It is
assumed that the induced 2-norms or, equivalently, the largest sin-
gular values of the matrices satisfy the following: ¢(B,,) < v,

(_;(sz) < U2, 6(Ax6>,.) < U3, (_;(Gx&s) < U4, 6-(Ax§f) < Us, 6(Gx§1) <
vs, 6(F¢) < vy, (_)'(Az(sj) < vg, and 6(G;,) < vy for some known
constants v;; i = 1,...,9. The vectors and matrices of functions are
assumed to consist of known smooth functions. The matrices G
Fe, Gsu,» Gos,o and Gy, are assumed to be full rank.

The control objective is to design the slow control vector u and the
fast control vector u s such that the kinetic slow state vector x(#) tracks a
twice differentiable reference trajectory x,(¢), and the kinematic slow
state vector £(¢) tracks a twice differentiable reference trajectory &,(1).
To achieve this objective using the GSP approach, the fast states z need
to be stabilized on a suitable equilibrium manifold 79, the slow actua-
tors &, need to be stabilized on a suitable equilibrium manifold 62, and
the fast actuators need to be stabilized on a suitable equilibrium
manifold 6‘} It is to be noted that the fast states, the slow actuators,
and the fast actuators work as intermediate control variables that are
designed in different timescales. Define the tracking errors e, := x —
x, and e;:=¢—¢, and the manifold errors e, := z — 2, es =
8, — &), and e; = 7 — ). The tracking problem now becomes an
equivalent stabilization problem for the error system:

X0,

éx = Bxxfxx(~) +szsz(-)(ez +ZO) +yx() _f'A,wsY Gxﬁx (-)(e(‘i‘Y +69)
+Ax§/Gx§f(~)(e§f +59) _).Cr
ée=Fr()(e.+20)=¢,
0é5, =Bs f5.()+Asu, G (Juty—08)

eé. =Y BEEO)+7:() + A5, Gug () (es, +09) — 2
k

pes, =Bs f5,()+ N5, Gsu, Dy —pd} “

The arguments of the functions f,,, F,., etc., are the same as those
in Eq. (3). Henceforth, the arguments will not be shown explicitly
unless they are different from those in Eq. (3).

III. Control Law Development

The control law development involves two major stages. The first
stage is the design of a sequential timescale controller using principles
of GSP with estimates of the constant but unknown parameter matrices.
Using lower-order reduced subsystems, different parts of the controller
are designed in such a way that stability of each subsystem in the sense
of Lyapunov is guaranteed when the parameter estimates are perfect.
The second stage in the development is the design of the update laws
for the constant but unknown parameters such that stability in the sense
of Lyapunov is ensured for the full-order system.

A. Design of the Four-Timescale Sequential Controller

A schematic of the controller design in four timescales is shown in
Fig. 1. The numbers 1, 2, 3, and 4 on the schematic indicate the
sequence in which the specific design variables appear in the control
law development.

1. Design of Manifold of Fast States and Slow Actuators in Slowest
Timescale

In the slowest timescale ¢, it is assumed that the fast states are on the
manifold z°, the slow actuators are on the manifold &%, and the fast
actuators are on a special case of the manifold 52 |ZD . The manifolds z°

and 89 are selected such that the slow state error vectors e, and ez go
to zero. To construct the reduced subsystem, the constant but

unknown parameter matrices By, B, Ay, and A, are replaced

by their estimates éxxv ém /A\x(;v, and Ay, respectively; and the

additive uncertainty y, is ignored. The reduced subsystem in the
slowest timescale is

éx = é,\txfxx + észszO - )'Cr + [\X&Gxﬁvé.? + Axﬁj Gx5f 69"|20

ép=Fed = ¢, 5)
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Fig.1 Steps of four-timescale slow state tracking control design (T.S. means timescale).

A positive-definite candidate Lyapunov function for subsystem (5)
is selected as

1 1
Vl = Ee;ex + 56?65 (6)

Along the trajectories of subsystem (3), the time derivative of the
Lyapunov function V; is

Vl |(5) = e)zcw(Bxxfxx + szszZO + Axﬁs GX(SS&? + Axﬁfo6,5§)”|z° _).Cr)
+el(Fet® =) (7

where f|) denotes the value of the function f(.) for a system
represented by a generic equation (7). Suppose that the manifold of
the fast states z° is selected as

2 = F;1 (¢ — Kzep) ®)
and that the manifold of the slow actuators &? is selected as

—1A-1,: A 5 N
6(5) = GxélsAx (xr - Bxxfxx - szszZO - Axéfoéfé_O

s

o Kx ex)
©)

where Ax . is assumed full rank, and 6? |z“ is yet to be determined. For

these choices, the time derivative of the Lyapunov function V; for
reduced subsystem (5) becomes

Vils) = —elK e, — el K e, (10

This is negative definite for any positive-definite K, and K.,
indicating that the equilibrium ¢, = 0 and e; = 0 of reduced sub-
system (J) is stable in the sense of Lyapunov. Note that the use of
kinetic and kinematic slow states enables sequential selections of the
manifolds z° and &Y in the control design.

2. Design of Slow Control in Second Slowest Timescale

In the second slowest timescale ¢, = (#/0), the slow controls u
are designed such that the slow actuators &, reach their manifold &%;
consequently, slow actuator errors es go to zero. The reduced sub-
system in the second slowest timescale is

é&, = Bo}f&: + ASA U Gb} U U (1 1)
which uses the estimates of the unknown parameter matrices B; and

As,u,- A positive-definite candidate Lyapunov function for this sub-
system is selected as

1
V2 = Eeg‘_e,;; (12)

Along the trajectories of reduced subsystem (11), the time deriva-
tive of V, is

Valgny = e(i (ééxféx + AéxusGéxusus) 13)
If the vector of slow controls u is selected as
Us = G(;lu[\gxlm (—éaxfax - Ks.e5.) (14)

then the derivative of the Lyapunov function V, with respect to the
second slowest timescale becomes

V2|(11) = —eg‘_K,;;e(sv (15)

which is negative definite for any positive-definite K5 . Thus, the
equilibrium es5 = 0 of reduced subsystem (L1) is stable in the sense
of Lyapunov.

3. Design of Manifold of Fast Actuators in Second Fastest Timescale
In the second fastest timescale 7, = (¢/¢), the manifold of the fast
actuators 5? is selected such that the fast states z reach their manifold

20 or, equivalently, the fast state error vector e, becomes zero. To
construct the reduced subsystem, the constant but unknown param-

eter matrices BX and A_; , are replaced by their estimates élz‘ and /A\Z{; o

respectively, and the additive uncertainty y, is ignored. The reduced
subsystem in the second fastest timescale is

el =Y Biff + Ay, Gy, ) (16)
k

A positive-definite candidate Lyapunov function for this subsys-
tem is

Vi ==ele, ')

Along the trajectories of subsystem (16), the time derivative of this
Lyapunov function is

Vilae =€l (Zékﬂ( + Ay, G, 5?) (18)
%

If the manifold of the fast actuators is selected as
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8 = ,;fA-,;f( ZB ‘rE- K, e) (19)

where IA\Z(W is assumed full rank, then the time derivative of the

Lyapunov function V3 becomes
Vilag = —eiKze: (20)

which is negative definite for any positive-definite K. This ensures
that the equilibrium e, = 0 of reduced subsystem (16) is stable in the
sense of Lyapunov. By design of the fast actuator manifold 6_‘;-, the
special case 5?”|10 needed in the slowest timescale can now be deter-
mined as

M, =-G3 dszB fix. £, @1

4. Design of Fast Control in Fastest Timescale

In the fastest timescale ¢, = (¢/p), the fast controls u are selected
such that the fast actuators & reach their manifold 6? or, equivalently,
fast actuator errors s, = O — 5? reach zero. Considering estimates
of the unknown parameter matrices B } and Aj > the reduced
subsystem in the fastest timescale is
= Bj f5, + N5, G,y (22)

e(;r

A positive-definite candidate Lyapunov function for subsystem
(22) is selected as

1
V4 = Eegfe(;f (23)

Along the trajectories of reduced subsystem (22), the time deriva-
tive becomes

Vil = egf(éa,faf + Nspu, G lhy) (24)
If the fast control vector u is selected as
up = Gzl A5, (=Bs, f5, — Ky e5) 25)

where IA\(; ., 18 assumed full rank, then the derivative of the Lyapunov
function V, becomes

‘74|(22) = —egf Ks.es, (26)

which is negative definite for any positive-definite K - Thus, the
equilibrium e;, = 0 of reduced subsystem (22) is stable in the sense
of Lyapunov.

B. Selection of Parameter Update Laws and Ultimate Boundedness
of Errors

This is the second stage in the control law development. It begins
with constructing a composite Lyapunov function that includes the
individual Lyapunov functions for the controller plus terms corre-
sponding to parameter estimation errors. For a generlc parameter

matrix P and its estimate P, the estimation erroris P := P — P. For the
multiple-timescale system represented by Eq. (4), define parameter

estimation error matrices B, := B, — B,,, B =B,, — B,,,
Axé\. =Ny, — Axé /\m x5 Axé , B(s = Bs — Ba , Aa\.ub\. =
Asyu, = Mo, BY = BE - B" A, =Ny, — Ay, By, = Bs — B; .
and A, =N, — A§ ., - A composite Lyapunov function for full-
order system (4) is selected as

1 o
VC = Vl =+ a2V2 + a3 V3 =+ a4V4 + Eastr(foBxx)
1 1
+§a6tr(B BXZ) =+ 2a7tr(Ax§ Ax(; )
1 ~p 1 ~r o~ 1 r =
+ Eagtr(/\mfoﬁf) + Eagtr(B(;S Bé\_) + Ealotr(/\é‘_uA Aﬁ.\'“.\')
1 r o~
+ Ezal 1ktr<B]§I Bk)
k
1 ~r x 1 P 1 ~r =
+ Ealztr(Azé/ Az&,) + Ealstr(B&fBéf) + 5“14“(/\5,14//\5/14,)
27
where @; > 0; i = 1,..., 14 represent the weights of the individual
Lyapunov functions in the composite, and tr(A) denotes the trace of a
matrix A. In terms of the individual elements of the parameter
estimation error matrices, the composite Lyapunov function can be

written as

1 ~
VC :a1V1 +a2V2+a3V3 +a4V4+§a5 E E bixij
i

+3 %ZZ T3 avZD
e >, +5a9225§ﬁ, +3anY S,
22“11k22b +5 alzzzﬂzom
+ 5(1132 Zlgﬁm + 5(1142 Z;ﬁﬂﬂj (28)
i J ! J

For this choice of the Lyapunov function for full-order system (4),
Theorem 1 gives sufficient conditions for ultimate boundedness of all
of the errors: tracking errors, manifold errors, and parameter estima-
tion errors.

Theorem 1: Suppose that the slow state tracking controller for the
full-order nonlinear four-timescale system [Eq. (4)] is designed
according to Eqs. (8), (9), (14), (19), and (25) using estimates of
the unknown parameters. Suppose now that the estimates are updated
according to the following laws:

N a 01 ~ 0
bxx,v] = _ex,vfxxj - (bxx,j - bxx,j)
as as

ap 0 92 0
:*ex,»(szZ )j_i(bvczl, b)u,/)

X6 Q6
A (25} 03 (+ 0
)“xé\.,/ = ex, (Gxé&ég)j - (’Lcé\,, j')5(5\,1)

Ry = s (G 3.0, = (ﬁm,,, =3, @9

N a 05 (~

by =—es fs. ——(bs. —b)

5n/ Oyi 5 5»»‘!/ Oy
(e () "

2 x s
Asuy, = Pl (Gs,u,u5); = a_( Sugy; — 2. ) (30)
10 10

s Usij

R N R )

Doy Y agp N

o _ 03 0 bs (3 0
)‘lefi,' - 05—12 €z (Gzéféf)/ - 0(—12 (lzéﬁj - }“Zb‘f,j) (3 1)

A ay 0
bs =—e (b b9 )
Srij an 5frf5n Snij Vo

_ 1o (3 0
Ay = g o (G up); = o (/Lsfuf,, - ﬂgﬂ,ﬁ}) (32)
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where y; denotes the ith element of the column vector y; 8; > 0,i =
1,..., 10 are estimator gains; and ng”, bxz,j ﬂxé » Y bO - e

Xéj sUsij®
0
b¥ /10 %  and A9
> M2bpij oy 5

Zij

uy,; are additional design vanables. It is now

possible to choose the controller gains, estimator gains, and other
design variables such that the tracking errors, the manifold errors, and
the parameter estimation errors remain ultimately bounded.

The detailed proof can be found in Ref. [33]. The essential steps of
the proof are presented in Appendix B. Note that selections of the
parameter update laws are similar to those of Dong and Kuhnert [34].
Each update law has one term to cancel the associated error appearing
adjacent to the time derivative of the corresponding estimate. The
second part drives the estimate to a specified final value at a specified
rate of a first-order dynamic. The final values of the estimates are
specified by the design variables bxx ,bY. /125 , etc.; and the rates

24
of the first-order dynamics are spe01fled by the estimator gains
0;;i=1,2,...,10.

C. Summary of Multiple-Timescale Controller Development

The design steps of the multiple-timescale controller developed in
Secs. IIILA and III.B are summarized in Table 1.

D. Comparison with Cascaded Nonlinear Dynamic Inversion
Controller Without Using Explicit Timescale Separation

An NDI controller without explicit classification of the states and
the actuators as slow and fast is designed for the purpose of compar-
ing with the GSP controller. NDI is a well-known technique in aircraft
flight control [35-37] that was seen to achieve better performance
than a gain-scheduled linear controller with a similar level of design
effort [35]. Both noncascaded and cascaded versions of NDI can be
found in the literature [31,32]. The cascaded version of NDI develops
the controller structure in nested loops under the assumption of a
timescale separation between the inner and the outer loops; i.e., the
inner loop is faster than the outer loop. However, unlike the GSP
approach, this method neither constructs reduced subsystems nor
uses a Lyapunov framework explicitly in different timescales. The
design variables are selected using feedback linearization in succes-
sive loop closures. The derivatives of the design variables are needed
for subsequent steps, and they are estimated using first-order low-
pass filters.

Table1 Design Steps of the Multiple-Timescale Controller

Using GSP
Step Description
1 Compute the tracking error for the kinematic slow states: e; = & —¢,..

Choose gain K.

Compute the manifold of the fast states: 70 = F ol (E, K:e:).
2 Compute the manifold error for the fast states: e, = z — z°.
Choose gain K ,.

Compute the manifold of the fast actuators:
8 = Gl AL (-uBlrt - Kee.).
3 Compute the fast actuator manifold error: es, = 6p — 6(/)
Choose gain K. '
Compute the fast control: u, = Gg/‘uf/\(;/ u (- B,;/ fs, — K, e,;j)
4 Compute a special case of the fast actuator manifold:
N0 = ~G A B A (v, 6.20).
Compute the tracking error for the kinetic slow states: e, = x — x,
Choose gain K.
Compute the manifold of the slow actuators:
59 = G;(SI‘A;,:\ (xr - Bxxfxx B F Z - Arb,G\'b, f‘ o —K er)
5 Compute the slow actuator manifold error: e5 = &, — 0.
Choose gain K, 5,
Compute the slow control u; = Gg'uf\g ll,‘ (—éﬁb\ fs, —Ks,es5).
6 Choose weights «;, estimator gains ;, and final values of estimates
b, b?zu , /1(;5 , etc.

Update the estlmates using Egs. (29-32).

For the control objective stated in Sec. II, it is not convenient to
apply cascaded NDI directly on the mathematical form of the full-
order system [Eq. (3)] with omission of the timescale separation
parameters o, €, and p. If the control objective is the tracking of the
kinematic states £ only, it is convenient to treat x as known from
measurement and use the éj, z,and '+ equations to design a cascaded
NDI controller. Alternatively, if the control objective is the tracking
of the kinetic states x only, it is convenient to treat &, z, and 6, as

known from measurement and use the % and &, equations to design
another NDI controller. For the aircraft problem, if only the Euler
angles are to be tracked, a cascaded NDI controller can command the
aerodynamic controls under the assumption that velocity is somehow
stabilized by a separate controller. Alternatively, if only the velocity is
to be tracked, a cascaded NDI controller can command throttle with
the assumption that the Euler angles are somehow stabilized by a
separate controller. However, when both the kinetic and kinematic
states are to be tracked by a single controller, a way to implement
cascaded NDI is as follows. System (3) without the timescale param-
eters o, €, and p can be rewritten as

éf = Ffz(')z - &r
[ z } §B’§f’§(.) +7:(0)

¢ Boof () + B F () +7:0) — %,

0 A, G5, ()
+
Axﬁj Gxéj () Axﬁf Gxé/ ()
6 = Bsf5(8) + MG (O)u 33)

where

and u := :|

Using the estimates of constant but unknown parameters, the
controller structure is

e<f = ‘f_ ér
24 =Fz ()" (& - Kzep)
T2+ ze = 2452.(0) = z4(0)

e, =2—2,
=X—-
A, G () |7
A5, Grs () Ay Gos, ()
Ze— Xk:Bsz?(-) K.e,
- [Kxej

)‘Cr - éxxfxx(') - észxz ()
Tsbe + 8. = 8436,(0) = 5,(0)
es = o— 50
=Gz ()" A5, (5.~ Bsf5(0) —Kse;)  (34)
It can be seen in Eq. (34) that the desired value z, of the states z and
the desired value 6, of the actuators 6 result from dynamic inversion,

canceling the nonlinearities and imposing linear dynamics. The
desired values z,; and 8, are passed through first-order filters with
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time constants captured in matrices 7', and T'5. The filtered outputs z,.
and J, are used in the subsequent stages. Compared to the multiple-
timescale method, this controller has the additional design variables
of filter time-constant matrices 7, and T's. The parameter update laws
for this controller are similar to that of the multiple-timescale con-
troller, except for the fact that the actual values of the states and
actuators are used instead of manifolds wherever applicable.

IV. Numerical Results

This section compares the performance of the two nonlinear slow
state tracking controllers developed in Sec. III: the multiple-timescale
controller using GSP, and the cascaded NDI controller. The simulation
is a non-real-time nonlinear 6-DOF generic F-16A. The evaluation
maneuver is a large-amplitude longitudinal and lateral/directional
maneuver that is a combination of those used in previous work by
Saha et al. [25] and Saha and Valasek [38]; but here, the pitch attitude
angle is commanded instead of the body-axis pitch rate. From trim, the
aircraft is commanded to perform a steep climb. During the climb, the
pitch attitude angle reaches a maximum to 80 deg in 10 s, stays at
80 deg for another 10 s, followed by a further 10 s for the nose to level
out. No banking or change of heading angle is commanded during the
climb. After the climb is complete, the aircraft is commanded to
perform a 90 deg left turn followed by a 90 deg right turn [26]. The
heading angle is desired to change by 90 deg in 15 s for each turn. The
bank angle and the pitch attitude angle associated with each turn are
commanded to reach a maximum from zero, and then they come back
to zero as the turn is complete. The maximum bank angle and pitch
attitude angle associated with each turn are 75 and 20 deg, respectively.
The velocity is commanded to be close to the trim value throughout the
maneuver. The simulation is run for 150 s for both controllers.

The flight condition is a steady, level, 1g trim flight at Mach 0.7
and 15,000 ft. The trim angle of attack and elevator deflection are 0.9
and —1.6 deg, respectively. The thrust at trim is 3265.0 Ibf, which is
18.34% of the maximum military thrust of 17,800 Ibf. The pitch
attitude angle at trim is the same as the trim angle of attack. All other
angles, rates, and control surface deflections are zero at trim.

Both controllers are applied to a plant subject to uncertainties in
inertias, control derivatives, and engine time constant. The initial
estimate of each of the inertias /.., I, I.., and I, is assumed to be
15% below its actual value. The initial estimate of each of the control
derivatives C,, , Cy, , Cy, , C,., Cp, s €, €y, € sand Cy s
assumed to be 20% below its actual value. The engine time constant is
assumed to be 25% above its actual value.

A. Selection of the Numerical Values of the Control Gains

The gain matrices must be positive definite in order to guarantee
the stability of each reduced subsystem. Theorem 1 shows that the
gains can be selected such that errors remain ultimately bounded.
Equation (B6) in the proof of Theorem 1 presented in Appendix B
suggests that the gain matrices should be “large enough” such that §;;
i=1,...,5 are positive, and each one of them exceeds the factor
(1/6?). In practice, it may be difficult to know all of the values needed
to compute (u/62). For the present work, initial values for the gain
matrices were chosen and subsequently adjusted, depending on the
response of the corresponding states. The gains for the multiple-
timescale controller based on GSP are selected as K, =25,
K = diag[2,2,1], K5 =001, K = diag[25,10,5], and K5 =
diag[3, 2, 2]. The gains for the cascaded nonlinear dynamic inversion
controller are K, = 10, K, = diag[2.5,1.5,1], K; = 0.01, K, =
diag[15, 15, 15], and K5, = diag[1, 1, 1].

B. Selection of Numerical Values of Parameter Estimator Gains

The gains 6; are included in the factor y of (1/62) in Eq. (B4) in
Appendix B, which presents the proof of Theorem 1. According to
Eq. (B4), the gains 6; should be “small enough” such that f; can
exceed (u/0%) without making the control gains too large. At the
same time, the gains 6; should be large enough such that each one of
(01/2),(62/2), (65/2), (04/2), (05/20). (05/20), (07/ 2¢), (05 / 2¢),
(09/2p), and (6,9/2p) can exceed (u/62). Because of the coupling in

the equations, the analytical computation of suitable values for 8; for
guaranteed stability is difficult. However, the gains 6; physically
represent the rate at which the parameter estimates converge to their
assigned final values and can be adjusted by inspecting at what rate
the estimates respond. Some of the gains «;; i = 1,2,3 in the
parameter estimator are significantly smaller than the other gains
0;;i =4, ..., 8andare used to cancel the error terms in the parameter
update laws. In theory, they should be positive so that the composite
Lyapunov function is positive definite. However, even when each of
these gains is set to zero in simulation, the tracking of aircraft states
and controls is very similar to the case of small positive magnitudes of
the gains. Only some of the parameter estimates are observed to not
evolve at all, but this is not as important as the tracking. Because the
gains ay, a, and a3 multiply error terms, the magnitude of these gains
being small ensures that the contributions of error terms in the
parameter update laws are small, even for the case in which the errors
themselves become large.

The parameter estimator gains are selected as a; = 10713,
Qy = 10_14, az = 10_15, ag = 1, Qg = 1, g = 1, an = 1,
oy =1,ap=1,and §; = 0.1;i = 4,5,6,7, 8. The design varia-
bles corresponding to the final value of the estimates in the parameter
update laws are chosen such that the inertias, control derivatives, and
engine time constant are 5% above the actual values.

C. Selection of Numerical Values of Filter Time Constants for the
Cascaded NDI

The inherent assumption for the cascaded NDI to work according to
Eq. (33) is that the innermost loop of actuators § is the fastest, the
outermost loop of the kinematic states £ is the slowest, and the middle
loop of the states z and x has an intermediate rate of response. To enforce
this separation, each filter for § is selected to respond 10 times faster than
each filter for z. The filter time constants for the cascaded NDI controller
are selected as 7, = diag[l, 1, 1] and 75 = diag[0.1,0.1,0.1,0.1].

D. Comparison of the Two Controllers

For both the GSP and NDI controllers, Figs. 2—7 show the time
histories of the states and controls and Figs. 8—14 show the evolution
of the uncertain parameters. The notations for the parameter matrices
are as follows: B! = [B;jl;.s, B? == [Sj]3,5,and As, = [L;j];, 5. The
mathematical expressions of the matrices are derived in Appendix A.

The multiple-timescale GSP and the cascaded NDI controllers
produce similar performances in some aspects and significant
differences in other aspects. Figures 814 show that the profiles of
the estimates are different in some cases but the difference in magni-
tude is small. The parameter estimation errors remain bounded for
both controllers, with the B matrix (which is obtained by multiplying
the inertia matrix with its inverse) having estimation errors that are
acceptably small in magnitude. Figures 4 and 5 show that the Euler
angles and the body-axis angular rates are almost the same for both
controllers. Both controllers are able to achieve good tracking of the
kinematic angles, even though they use the elevator, aileron, and
rudder somewhat differently, as seen in Fig. 7. The control surface
deflections are well within their position and rate limits for both
controllers. The angle of attack remains within acceptable limits for
both controllers, but it is slightly larger for the NDI. Sideslip angles
are within 6 deg for both controllers.

The significant difference between the two controllers concerns
the velocity response. Between the completion of the climb and the
initiation of the left turn, the maneuver has a gap of 10 s to allow
the velocity to return to the reference. It is seen from Fig. 2 that the
velocity initially drops from its trim value of 800 ft/s to less than
500 ft/s during the climb. The GSP controller is able to recover
velocity rapidly after the climb. There is also a loss of velocity for
each 90 deg turn, but the loss remains within 100 ft/s and is recov-
ered as soon as each turn is complete. The cascaded NDI controller is
not able to recover even half of the lost velocity in more than 100 s
after the climb. In addition, some of the recovered velocity is lost
during the turns and requires additional time to be recovered again.
The throttle response in Fig. 6 shows that the GSP controller com-
mands 100% throttle for some time after the climb or turn is
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completed in order to recover the lost velocity. By comparison, the
NDI controller reduces throttle as soon as the climb or turn is
complete. Figure 3 shows a difference in the altitude profiles for
the two different controllers. The GSP controller leads to climbing
turns with a noticeable change in altitude during each turn. On the
other hand, the gain in altitude for each turn is small for the NDI
controller. Furthermore, the NDI controller leads to a decrease in
altitude and an increase in velocity from ¢ = 110 s onward. Itis to be
noted that, during this period, there is still a significant error in
velocity, the throttle is already reduced, and the pitch attitude angle
is close to zero. It can be inferred that the aircraft effectively tries to
regain velocity by dropping altitude while keeping the nose close to
horizontal. This is not the case with the GSP controller, for which the
velocity has exceeded the trim value during turn, and it slowly
decreases to trim from ¢t = 110 s onward. Figure 3 also shows that

the aircraft traverses a longer distance during the turns under GSP
control as compared to cascaded NDI control because of the higher
velocity achieved with the GSP controller.

The appreciable difference in the velocity response can be attributed
to how the cascaded NDI is formulated for both kinetic and kinematic
state tracking. The formulation in Eq. (33) inherently assumes that all
of the actuators forming the innermost loop are faster than the states.
This is not a good assumption when the real system has both slow and
fast actuators, and the slow actuator is slower than the fast state. For
example, the throttle for an aircraft responds slower than the body-axis
angular rates, and this information is not captured accurately by the
cascaded NDI. This suggests that, for an aircraft control objective of
tracking both velocity and Euler angles, the multiple timescale GSP
controller is able to make better use of the physical insight into aircraft
dynamics, and therefore achieves better control of velocity.
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V. Conclusions

This paper developed a multiple-timescale slow state tracking
nonlinear controller to accomplish large-amplitude combined longi-
tudinal and lateral/directional maneuvers of a nonlinear six-degree-
of-freedom aircraft modeled with uncertainties in inertias, control
derivatives, and engine time constant. Tracking errors, manifold
errors, and parameter estimation errors were proven to be ultimately
bounded; and the magnitude of each error was made arbitrarily small
with suitable choices of gains. The controller was able to achieve
slow state tracking even though the initial estimates of all of the
unknown parameters were off by a reasonable amount. The angle of
attack and sideslip angle were neither tracked nor used as intermedi-
ate controls, but they remain bounded and within acceptable limits.
Gains and other design variables in the parameter update laws were
chosen such that each unknown parameter multiplying a control
signal never became zero, and so there was no singularity with respect
to the controls.

The results presented in the paper compared the multiple-timescale
nonlinear controller with a cascaded nonlinear dynamic inversion

controller. Both controllers tracked the Euler angles adequately, but
the former achieved better tracking of velocity due to an explicit
distinction of the states, and especially the actuators, as slow and fast
by means of timescale separation parameters. As a consequence, it
was able to better use a physical insight into the dynamics. The
geometric singular perturbation approach is judged to be a suitable
candidate for aircraft systems with slow and fast states, as well as
slow and fast actuators.

Appendix A: Vector Functions, Matrix Functions,
and Parameter Matrices for a Nonlinear
Six-Degree-of-Freedom Aircraft

The vectors and matrices used for control law development can be
derived from the six kinetic and six kinematic equations of a non-
linear 6-DOF aircraft. The nonlinear 6-DOF generic F-16A model
with the definitions of all the states, parameters, and aerodynamic
stability and control derivatives were contained in the work of
Stevens and Lewis [39]:


https://arc.aiaa.org/action/showImage?doi=10.2514/1.G004303&iName=master.img-012.jpg&w=350&h=212
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Uy =%[cosacos/}(—mg sind+T,,6,+ F,4,)
+sinf(mgcosfsing + F, )
+sinacosf(mgcosfcosp + Fy )]

a =g — pcosatanf —rsinatanf
sina

———(—mgsin@+T,56,+F, )
muv, cosff ‘

cos
7(mgcosecos¢ +F,)
muv, cosf

. . sinffcosa
p= psma—rcosa—ﬂ—

coﬂ
m

(-mgsin@+T,,6,+F, )
muvy *

sinfsina
ﬁi(mgcoeﬁcosz/H—FA)
muvy

Lop=,,—1)qr+1.(F+pg) +L,
Lyg == L)rp+1.(*=p*)+M,
I i=u—1,))pq+1.(p—qr)+ Ny
éﬁ = p+tanf(gsing + rcos¢)
é’:qcosqﬁ—rsin(p
W = (gsing + rcos¢) secd
Xy = vyf[cosacosfcosfOcosy + sinf(singcosy sinf — cosgsiny)
+ sinacosf(cos ¢ sinfcosy + singsiny)]
Yy = v4[cosacosfcosOsiny + sinf(sin ¢ siny sind + cos g cosy)
+ sinacos f(cos ¢ sin@siny —singcosy)]
h= v, (cosacosfsind —sinfsin ¢ cos@ —sinacos fcosgcosd)

(AD

The body-axis aerodynamic forces and moments are modeled
using component buildup as

Fy =|Cua.5,) +C,, % :|qS

[ b b
Fa = |Cup+C, 2’;+c zr—+c 8, +C,, 5] 7S
Fy, = C(aﬂ)—l—C +C 5]qS

[ b rb _
Ly=|Ca. ,B)‘{'CII,T"'CZ,Z +Cy, 6, + Cy, 6, |gSh
My = |Cp@.8,) +Cp, 2‘“ +%"cg

x (c (a.p) + Cz‘,2—+ C,é )]qsa

r b
Ny = Cn(a,/?)—l—Cnpsz—I—C +C, 8, +GC, 5
A

i n, 2
Xeg, — pb rb
Ceg  eg C. c. ——

+ b ( )ﬂﬂ + Yp 2v Uy + Ir ZUA

+ Cy”_” 6, + Cyﬁ, 6,)]ch17 (A2)

The aerodynamic database contains the coefficients C,(.), C,(.),
Ci(.), C,(.),and C,(.) as lookup tables for —10 deg < a <45 deg,
—30 deg < f <30 deg, and —25 deg < 6, <25 deg. For values
of a, §, and 6, not included or outside the range, the nonlinear 6-DOF

simulation has routines for interpolation and extrapolation. Using the
data from the lookup tables, the force coefficient C, and the moment
coefficient C,, are approximated using linear least squares. The
approximated forms are

Ci@.8,) ~ Cy, + Cra+ C,, 5,
Cm ((l, 58) i Cmo + Cmaa + Cmﬁg 6e (A3)

where C,, C, , C,, , Cp,, C,, , and Cmo,ﬂ are least square solutions.
The aerodynamlc database provides the control derivatives C s, *
G, G, ,and C,, asfunctions of a and . The actual values of all of
these derivatives are assumed to be the numbers corresponding to the
trim angle of attack and the trim sideslip angle. The other model
parameters and constants used for the flight control design do not
require the use of lookup tables. They are given in Table 2. T,
represents the maximum military thrust; 6, , 6,  ,and 6,  refer
to the maximum allowable deflections of the elevator, aileron, and
rudder, respectively. The other symbols are according to Ref. [39].
The kinetic slow state is x = vy, the kinematic slow state vector is
E=[¢ 0 ], the vector of fast statesis z =[p ¢ r]7, the
slow actuator is d; = §,, and the vector of fast actuators is
6p=1[8, 6, 6,1 The velocity dynamics can be written as

X :fxx(x9§va9ﬂ) + sz(x,a,ﬂ)z +Gx,;& (avﬂ)&v + Gxo-j (x9asﬂ)Axﬁr 5_)‘

(A4)
where
fx(L) == g(—cosacos fsin @ + sin fcos dsin ¢
+ sinacos ffcos O cos ¢
gS
+ %[(CXD + C,,a) cosacos f + C)p sin
+ C.(a, p) sinacos ff]
b Qi T
#Cyp e qSsinf
Fio() = | 3 Cx, 2o-GScosasinf +,.C. 5*-gSsinacosf
%C)., ﬁqs sin
Gy, ()= —cosacosﬂ
cosacos f
qS .
Gy, = P sin 8
sinacos
G, O 0
Axéf = 0 CY% C,Va, (AS)
C 0 0

260

It is to be noted that the arguments of f.(.), F,;(.), Gs,(.), and
G,5,(.) contain the angle of attack a and the sideslip angle f in
addition to the slow states x and &. For the current flight control
problem, a and f are treated as known from measurement. They are
not considered separately for tracking.

The Euler angles evolve according to

s 1 singtan® cosgtand | p
o1=10 C.(-)Squ - Si%qﬁ |: q :| (A6)
W 0 &0 cos0 r

The evolution of the Euler angles is already in the form
& = F¢,(§)z, where
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Table2 Some of the parameters for the generic F-16A

Parameter Value

636.94 slug
32.17 ft/s?
30 ft
300 ft
11.32 ft
9496 slug - ft?
55,814 slug - ft?
63,100 slug - ft?
982 slug - ft?
0.35¢
17,800 1bf
+25 deg
+20 deg
+30 deg
0.30c

C, —0.02/ deg
Cy, 1.05 x 107* /deg
C

C

~0 e 3

=
=

~

~
g
=

e B S
= g R R

o
2

(STEESTISY
NN

2.87x 1073 /deg
—7.6 x 1073 /deg

1 singtand cos¢tand
Fep=|0 cos ¢ —sing (A7)
' 0 sin ¢ cos ¢
cos @ cos @

Starting from the following formulation of the evolution of the
body-axis angular rates,

p 0 0 I. I,-1I, 0
g | =T -L. I 0 0 Lo =1 |[f10)]
F 0 0 I,-1, -I. 0
Ly
+I7' M, (A8)
Ny

with [f1()]=[p* r* pqg qr rpl";

Ixx 0 _Ixz
I=| 0 I, O
_[xz 0 [zz

and introducing the timescale separation parameter ¢ artificially,
Ref. [33] derives the final form:

p Byy By Biz By Bis
el g | =|Bu Bn By By By |[fi()]
r By B3y Biy; By Bss
_511 S Si3 falx.z,a.p)
+ | Su Sn Su || fabzap)
_531 Spn 83 fa(x,z,a,p)
[Lyy Ly Ly S,
+ | Loy Ly Ly |4S| 6, (A9)
| L31 L3y L oy

where [ S |3 =27,

0 0 I, Iy-I. 0
[Bij]3><5 ==I_1 _I)cz Ixz O 0 Izz_lxx
0 0 I,-I, 1. 0

and

Ja1()
J20)
f20)

(citap + czp 24C, 2)ash
(c (@p)+C,, 2UA))qsa

(C (a ﬂ) + C np ZLA + Lgr ( ‘/fﬂ—’_ CW ZPLIZ + Cvr 2r1,l’) ))éSb

= (cm0 +Cpa+Cy 4L

(A10)
[LU]3><3
0 C,, b C, b
o7 (cmﬁ et ) 0 0
0 (Cn@, retac, )b (C,,ﬁ, preec, ) b
(A11)
This is equivalent to
ez = B!f! +B§f§+AzéfGZ§f6f (A12)
where B! = [B;;]3xs, B [S,]]M, L=[p* 7 pg oqr rpll,

=0 u() fal) f23()] Ay, = [Lijlyy,s and G5, = gsS.
The perturbation parameters ¢ and p are introduced artificially in
the actuator dynamics. The engine, elevator, aileron, and rudder are
first-order actuators with time constants Teng, Teps Tyits and Ty,
respectively. The engine time constant is uncertain. As a result, the
functions, matrices, and parameters representing the actuator dynam-
ics are B(SlX = _(I/Teng)’ f&_\ = Gy, AémX = (I/Teng)s G&_\ul\ =1,

and

G(‘i, uy = dlag|:

o
ail ' Trud

No uncertain parameter is associated with the fast actuator dynam-
ics for the aircraft simulation.

1
Tel '

Appendix B: Proof of Theorem 1: Ultimate
Boundedness of Errors
Proof: Considering the difference between the full-order and the
reduced-order dynamics and simplifying, the time derivative of the
composite Lyapunov function becomes
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. a a
V.= —al(efoeX + el Kge;) — —26(5 Kse; ——elK.e,
€5, =, € le8
Ka,eéf + alex[BﬂFu z + Vx
+ A5, Gus €5, + N3, Grs, (€5, 4+ 8% = 89].0)] + ayef Fce.

3,7 T 5 T 0 T 5
—ei(y: +N5,Gos,e5) — {126555? —merz) — a4e5r5?'

€
+ Z Z l;xx,y (alex‘_f“j - asl;xx,-,-)
i
+ Z Z l;xz‘/ (al (e, (F.2"); = aﬁl;“u)
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+ Z Z Zxa\.,-,- (0‘1 (e,(G, &), a7/1x5”,)
i
+ Z Z E’X(Sji/ (a1 (e,(Gos,80]20), = asﬁﬁm)
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+ }IZ ; b 5 ((lze(sﬂ fs, — 0’91\36“,)
+ éz Z Ay, (O’zeéﬂ-(Ga\.u.‘ ) 0’10’15»“”])
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+e Z Z Zs,, (asez,- (e 5‘;) alm,,,)
4= ZZbém (a465/ fs, — a3 5,1/)
+ p Z,: XJ: ’151 upij (a4e§ﬁ (Gopuytty) ;= alﬁéf o ) B

Selecting parameter update laws according to Eqs. (29-32), the
time derivative [Eq. (B1)] becomes

VC:—al(e;Kxex—l—e?Kfeg)—a—zegKé‘_e,;’_—ﬂeZTKZeZ
T,
_?eﬁ,Kﬁf&s,‘f‘ale {[ByFre.+7x
+Ax§ G5+ N5, Gus, (€5f+50—50|—0)]+a|€?F:z3z

T(y,—i—A,,;fG.(;re,;/) a2e560 azel 0 —a4e(3 5f

+a]ZZb( e, b))
+6222;‘b( H,,)#sZZMW( 0,
+ 642 ijﬂgf( iy =25,)
+%Zzzﬁw (b3, -85, +9—Z > Ao, (o =,
D WICEL
PGB RIS
+67Z Dﬁ (Rayury =730, ) (B2)

Equation (B2) has some terms to be upper bounded. For any con-
stant but unknown parameter p bounded as p < p < p, the expression

p(p—p°)=p(p—p-p° =pp-p° — p?
1 1
52 —_ 20021 _ 2 _ _ 0 __
Sz[p +@-p°)]-p Szgﬁg‘fp p°)? 219
1 1
— _ + _ - =2
2P TP

where

+ — _ ,0)2
p ﬁrg/g_,(p P°)

Extending this result to all the parameters, Eq. (B2) can be upper
bounded as

z 4

V.<—a(eTK e, +e§ng§)——e§ K;.e; _0;3 elK.e,

- *egf Ks.e5 + a1ef[B Fe. +v.+ Ay Gyses

s

+ Ays, G, (€5, + &) — 5(,1| )]+ ajelFee.

3 T T ;0
S e (y. + A anfeﬁf) —azeo & —aze;Z —a4e5f5f

EPMICTEE S IS S B W

EPDWEIEE D) IS D) W

DD IS WML WIS
_ﬁzzzgm,,_,+ﬂo (B3)

where
9 bt 02 bt 973 "
2 Z Z Xij Z Z qu 2 Xl: Xj: X6
6’ 0
5 Z Z /1’“% i Z ; b‘;:u + i Z ; A;:”xi/‘
6 [ 0
SO D HNIEEH NI L
0
+ 2—1; Z 2}: B (B4)

Equation (B3) has some terms that involve the equilibrium mani-
folds and their time derivatives. Given the mathematical expressions of
the manifolds chosen during controller design, it is difficult to use the
exact expressions of either the manifolds themselves or their time
derivatives. To find upper bounds of these terms, the extreme value
theorem is used in a manner similar to the approach of Swaroop et al.
[40,41]. Let N, denote the combined dimension of the states and the
unknown parameters. Consider a compact set Q; € RV characterized
by the composite Lyapunov function in Eq. (27) and upper bounded by
V:ie., V. <V forsome V > 0. Let N, denote the combined dimen-
sion of the references and their time derivatives of first and second
orders. Consider a compact set O, € Rz, characterized by

b3 153+ 1503 + €13 + 1E.13 + €13 < R?

for some R > 0. Then, Q := Q, X Q, is a compact setin R¥1+¥2, and
all the elements of the vectors z°, 6(} —59|Z0, 5(5), 20, and 5? are

continuous functions in the compact set Q. Therefore, each element
of these vectors has a maximum; consequently, there exist constants
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My, Mo, My, My and Ms such that 2]l = My, 130 = 81l =

MZ’ ”(S?HOO = M3’ ”ZO”oo = M4’ and ”5(/)‘”00 = MS' Upperbounds of
other cross terms involving the products of errors can be found by using
the following results: 1) Cauchy—Schwarz inequality of u’v <
llull2]|v]l,, 2) property of induced norm of matrices of ||Ax| <
Al x|, 3) induced 2-norm of a matrix that is the same as its largest
singular value, 4) Young’s inequality of ab < (1/2)(a> + b?), and
5) introduction of artificial variables to obtain quadratic bound using
Young’s inequality:

1 1
ol <5 ()(? +)? ||v||§)

1

for any arbitrary nonzero y;. Using all of these results, the time
derivative of the composite Lyapunov function [Eq. (B3)] reduces to
the following:

. 2] ~
T T T T T 1 2

Vc < _ﬂlex €x _ﬂZe[: € _/}365‘ €s, _ﬁ4ez €; —ﬂ5€§f€§j 5 bxxu

J

2

02 2 93 2 94 =
_72,-: ijb —;Zj ;‘M,/ _72,-: ;zwm

(4 ~ 0 e 0 -
_ﬁzj;béﬂ.f —ﬁZX/:zﬁ —Z—Z;Z:;bg

0 = 0 - ] .
_TEZ ZAf{sf’/ _izzbgm _ﬂzzﬂ%uﬂj +/’l

! J ! J i J

2p
(BS)

where f;;i = 1,2,3,4,5 are given by

1
P = il (2/1min(Kx) = (k1 + 1 +K3) = V10
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— Vgly —ﬂ) —%](vlvz + K3 +v7)
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1(.a a

Ps ’=§(2—4/1min(K5,) - — @1 VsV —_31’8”9)
p €

= %ﬂmin([(&,) — s - (B6)

where A.,;,(A) is the minimum eigenvalue of a matrix A, and the
constants f, B3, Ps, far» and S, contain the terms involving neither
the gains K, K¢, K, K5 ,and K 5 , nor the perturbation parameters o, €,
and p. The factor u is given by

1
M= o +§[al (kiR + KoR + ksMy /m)x} + ayvsveMa</myt
a
+?3(K4R —+ K5R =+ KGM] \/m))(%

+ aM3/ny; + asMy/my + ayMs ﬂ%i] (B7)

with p given by Eq. (B4). Note that y can be written in the form
p=p 2B B (BS)
c € p

where p;,i =1,2,3,4 are constants. Furthermore, define the
following:

— 0, 6, 6 6, 05 65 6; 65 6y 019
”'_mln{ﬁl’ﬂz’ﬁ3’ﬂ4’55’2’2’2’2’20'25’28’25’2p’2p
1
n:=§max{a1,...,am,a”k,alz,...,aM} (B9)

In addition, consider e to be the vector formed by stacking
up in one column all the errors: tracking errors for the slow
states, deviation from equilibrium manifolds of fast states and
actuators, and all parameter estimation errors. Inequality (BS) can
be expressed as

Ve<-nlel}+u
s—%vﬂw (B10)

Inequality (B10) shows that V. is negative outside the compact set

u
lell, > \[
n

Therefore, the errors will be ultimately bounded within

0< el < \/E
n

Suppose that it is desired to keep the error vector e ultimately bounded
within a ball of radius 6,; i.e., V. <0 on the boundary of the ball
represented by ||e||, = 6,. This is possible if —76? + u < 0; i.e., if

n>§ B11)

This is equivalent to saying that every element in the set

0, 0, 0, 6, 05 05 6; 05 Oy Oyo

A {pobe s 25 5 5 e S B o Gl

is greater than (u/6?). Therefore, if the gains and other design
variables are chosen such that every element in the set A exceeds
(1/6?) for some o, £, and p > 0, then there existbounds o, 6**, €,
€, pPax, and p** such that the ultimate boundedness of errors is
guaranteed for o,, <o < 0™, e,, <e < e, and p,, <p < p*h.
This completes the proof.

The inclusion of parametric uncertainties in actuator dynamics
leads to a set of coupled inequalities [Eq. (B11)]. The solutions to
these inequalities are the bounds of timescale separation parameters
for the ultimate boundedness of errors. If the actuators are assumed
free of uncertainty, these inequalities can be simplified to obtain
closed-form bounds of timescale separation [33].
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